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For six persons there appear to be two independent solutions, the one 
previously given by Dr. Judson, and the following: 

ABCDEP, ACEBDP, 

ABDCFE, ACBEFD, 

ABEDFC, ADECBF, 

ABFECD, ADBFCE, 

ACDFBE, AEDBCF. 

192. Proposed by F. P. MATZ, Sc. D., Ph. D., Professor of Mathematics and Astronomy in Defiance College 
Defiance, 0. 

What is the difference between the squares of the two infinite continued 

fractions ( 3 + ii+kr) and ( 2 + i+itc7> 

Solution by 0. B. M. ZERB, A. M., Ph. D., Parsons, W. Va., and L. E. NEWCOMB, Los Gatos, Cal. 

Denote the value of the continued fractions by x and y. 

Thena;-3= g 1 = -i— ■, .-.a; 2 -9=1, x*=10, a:=i/10; 

6+a;— 3 x + a 

^- 2 =iqr^- 2 =^2. .-.|f"-4=l,|f=5.|f=i/5. 
.\a: s — «/ 2 =5=required result.* 
194. Proposed by L. E. DICKSON, Ph. D., The University of Chicago. 

In the determination of the canonical forms of Abelian transformations 
modulo p, one is led to the type [5, , 6 g , 6 3 ] : 

Find its period and determine the conditions under which it is conjugate with 
[Cj, c 2 , c 3 ] under Abelian transformation. 

Solution by PROPOSER. 

By mathematical induction, we verify that the ftth power of [5, , 5 2 , 6 3 ] is 

V=*i. *i'=[*&t -**(** -Wi+M]*! 
? „'==? s -ft? , , >z 2 '=>? 8 +ft& 4 f j -P(ft-l)5 2 f , , 

"Solutions based on the following interpretations are desirable. Ed. 

* + rn— 2+ rn— 8+ hr- 2+ hnL— 

4 H =- 6 



12 + ^r^r 8+ t o , „,„ 9+^rr^r 6 "1- * 



24+etc. ' 12+etc. ' 12+etc. ' 12+etc. 
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Hence if j)>3, [b lt 6 2 , 6 3 ] is of period #. For jp=2 or 3, the period isp*. 

The question of conjugacy will be reduced to a discussion of simultaneous 
congruences. We assume that 6 8 and & 3 are not both zero. We seek the linear 
substitutions 8, 

3 3 

for which [6,, b 2 , b i ']S=S[c i , c 2 , c 3 ]. The conditions are 
(!) rn=ri 8 =ri3=r 2 i=r3i=0» "n+^aHiHi^ - 

(2) 6irs<= 6 ir 3 i=- a i<> M d ji+ 5 2«)=< ; a a 2i , bi(d s !+3 8< )=c g a 3i , C s r 3 <= 5 3i> 

(3) Si^i-A-s-iJis^C^,, C 1 a )i + c 2 a 2i +C 3 a 3i +/3 2i +/J 3 «=:5 i (3 11 +3 1J ), 

( 4 ) a 22+ a 83 = = a 32+ a 33= a il) C l a 1 1 + C S«2 1 + C 3 a 3 1 

+012+013+021+031=Mll> 

where i=2, 3. Now c 2 and c 3 cannot both be zero, since this would require that 
all coefficients of i?, in 8 should vanish, whereas its determinant ^0. Transform- 
ing by (? 2 £ a )0? 2 >? 3 ), if necessary, we may takec 3 ^0, 6 3 ^0. For brevity we 
may exclude the special case 6 2 =0. Hence, by (1) and (2), 

5 2l = -C 2 5 2 - l a l2 =C 2 5 3 - l « 12 =C 3 6 2 - , a l2 = -C 3 6 3 - l a l2 . 

If « 12 ^0, then & 2 =— & 3 , c. z =—c 3 , a case here excluded. Hence<* 12 =0, <S 2I =0. 
Then « t 3 r=<5 3 1= =0, and every y {j =0. By (2), 3 Ji =&r 1 c 2 « 2 «, 8 3 <= 6 i -lc 3 a si- TJie 
substitutions 8 transforming [6j, b. z , & 3 ] info [c,, c 2 , c 3 ] feiue therefore the matrix 

ia Xl 

011 «ll 0,2 *ll 013 <\z 

a 21 a 28 a 23 

08 1 022 & 2~ 1C 8 a 22 023 ^"'"iSs P 

a 31 "88 a 33 ^ 

031 03 2 &2 -1 C3<*3 2 03 3 & 3~ 1C 3«3S 

subject only to conditions (3), (4), and *,<-H s «=*, 1 > tne latter becoming now 

(6) C i a ii +C a a ai =b t 8 1l . 

We next require that matrix (5) shall be Abelian (Jordan, TraiU, p. 172; 
Dickson, Linear Groups, p. 89). The Abelian conditions all reduce to the 
following : 

(7) «,,^ 11 =1, b 2 -^C i a ii ft 3 2 - b 2 ~ l C 3 a z ^ 2 2 +& 3 - 1 C s « 23/ 9 3 3 - b 3 ~ 1 C i a 3 3 /? 2 3 =0, 

(8) C;& 2 - 1 a i /+C i & 3 - 1 o i3 2 =l, & 2 - 1 a 22 a 32 4& 3 - 1 a 23 a 3 3=0, 
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(9) 8 liaii +d 12 a t2 +8 t3 a is =0, *,,&, +*!,&,+*!,&! 

— l t -*C&i t Pi t — ftg-^aig/?, 3=0, 
where i=2, 3. Adding the two equations (6) and applying (4) 1 , we get 
(«,+<>,)«,,=(&,+&,)*,,. Thenby(7) 1> * 11 *=(« i +e,)/(6 f + 6,). This frac- 
tion must therefore be a quadratic residue modulo p. Suppose this condition sat- 
isfied, so that S ± j and a x t are determined except in sign. Then (6) and (4) , give 

(10) a S 3= a il- a 22» C3 a 32=Mil- C S a 8S> C 8 a 3 3 =Ml 1 ~ C 2 a l 1 + C 2 fl 2 2 ■ 

Each of the conditions (8) then reduces to either of the forms 

(11) (& 8 - 1 +63- 1 )S2 2 -26 3 - 1 a 11 a 2S +& 3 - 1 « 1 i 2 =c 2 -», [(&,+&,) a »- 6 » a ii]* 

= &S+&8 & 2 & 3°3 
C S ~r" C 3 C 2 

We have the further necessary condition that & 2 &3C 2 c 3 shall be a quadratic resi- 
due modulo p. With this condition satisfied, a 2 2 is determined by (1 1), and a 2 3 , 
a 32» a 33 by (10). There remains ten conditions (3), (4) 2 , (7) 2 , and (9) on the 
thirteen quantities <J, 2 , S I3 , a 2l , a 3 , , (i i} (J,, j=l, 2, 3). By (6), we may write 
(3) 8 thus 

(12) /S,i+0,«=Wi<. 
Applying (6), (9) and (12), condition (4) 2 becomes 

(13) Mi.*+Mi.W^. , -rMii«.|-2«iiG J it+0it)-<>i+M,i , =O. 

Since <S t , ^0, we may employ (9) to determine a 2 1 , a g t , /9 2 , , /9 3 x in terms of the 
remaining quantities. Conditions (3) L then become 

(U) fti+fta= a ii< f <<«ii a i«+*i» a <i) 0=2,3). 

One of these may be dropped since their sum is, by (6), the same as the sum of 
the pair (12). Then (6), and (14) for i=2, give 

(15) /? 32 =Ml 2 -/ S 2 2, P2i= a il°2( d lt a 22+ S li a 23)-P22> 

/ 9 3 3= & 3 d l3+/ ? 2 2- a 1l C s( 5 l2 a 22+ 8 l3 a 2 3)- 

Substituting these in (7) 2 , we find that the coefficient of /9 22 is zero by 
(6), and that the remaining terms cancel. Hence the system of ten conditions is 
equivalent to the system (13), (15), (9). The latter may be solved in the order 
named. In particular, if p^2, we may take 8 li , a {l) /9 gi , /9 3i (i=2, 3) all zero 
and determine P lt +P la by (13), and p {1 by (9). Hence [6,, 6 2 , 6 3 ] and 
[cj, c 2 , c 3 ] are conjugate under Abelian transformation if and only if (c 2 -|-c 3 ) 
-j-(& 2 -)-& 3 ) and &,& 8 c 3 c, are both quadratic residues modulo p. 



